6.3
Trigonometric Equations

Learning objectives:

1. Tofind principle solution and general solution of a
trigonometric equation.

2. To use different methods to solve trigonometric
equations.
And

3. To practice the related problems.

Solving Trigonometric Equations
Trigonometricequations are equationsinvolving
trigonometric functions of unknown angles and they,
unlike identities, are satisfied only by particularvalues of
the unknown angles. For example, sinx.cscx = lisan
identity, being satisfied by every value of x for which
sinx and cscx are defined.

sinx = 0; itis not satisfied by x = % or g Since it is not
satisfied by every value of x for which it is defined, itis not
an identity. Itisan equationand we will find the particular

values of x for which this equation is satisfied.

A solution of a trigonometric equationis a value of the
angle x which satisfies the equation.

If a given equation has one solution, it has in general an
unlimited number of solutions due to the periodicity of the
trigonometric functions.

Two solutionsof sinx = Qarex = 0andx = m.
The complete solution of sinx = 0 is given by
x =0+ 2nnm, x=m+2nmw
where n is any integer. Both these expressions can be

combined into a single expression x = nm, where nisany
integer.

The solution consisting of all possible solutions of a
trigonometric equation is called its general solution.

There is no general method for solving trigonometric
equations. Several standard procedures are employed in
the solution of trigonometric equations.

The numerically least angle of the solution is called the
principalvalue or principle solution.
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For example, find the principal value of sinx = >

The numericallyleast value will be in the first quadrant.

Therefore, the principal valueisx = %

e Find the principal value of x satisfying sinx = —%.

The sine is negative in 3™ or 4" quadrant. Therefore, the

< e « T
principal valueis x = 5

e Find the principal value of x satisfyingtanx = —1.
Tan is negative in 2" and 4" quadrants. The principal
valueisx = — =

4

* Find the principal value of x satisfying cosx = %

Cosineis positive in first and fourth quadrants. The

. . " T
principal value is x = =

Principal valuelies in the first quadrant. It is never
numerically greater than . The clockwise or anticlockwise
directionis chosen dependingon whether the angleis in
3™ and 4" quadrantor in first and second quadrants.



Factorable Equations

Solve sinx — 2sinx cosx = 0.
Factoring,
sinx — 2sinx cosx = sinx(1 — 2cosx) =0
Setting each factor equal to zero, we get
sinx=0=x=0,n
5m

]

1
1—2cosx:0=>cosx:5=>x:

w|A

Expressiblein terms of a Single Function

L=

Solve 2 tan’x + sec
2 tan’x + sec’x = 2
2tan®’x+ 1+ tan?x =2 = 3tan’x =1

= tanx =+

[#%]

Y

1
Eor tanxi="—+ A=
V3

1
For anxi=—== , K==, —/—
V3

Solve secx +tanx =0

il sin x
_l_

CoS X Cos X

Multiplying by cosx, we have 1 + sinx = 0, sinx = —1.

3
Then o= 5

However, neither secx nor tanx is defined when

3T . '
= and the equation has no solution.

This illustrates that there is a need to check the solution

before accepting it as a solution of the equation.

Squaring Both Members of the Equation
Solve sinx +cosx =1

We write the equation in the form sinx = 1 — cosx and

square both members. We have

Z 2

sin“x =1— 2cosx + cos“x

2 2

= 1—cos“x=1— 2cosx + cos“x

= 2 cos’x —2cosx =0 = 2cosx(cosx—1)=0

From 2cosx = 0, x:g,Z—n

From cosx =1, x =1

Check:

Fara=10, sinx+cosx=0+1=1
Forng, sinx +cosx=1+0=1
Forx:32—ﬂ:, sinx+cosx=—14+0=1

Thus, the solution isx = 0 and g

3m :
The value x = £y called an extraneous solution, was

introduced bv sauaring the members.



General solution of the equations
sinx=0,cosx=0andtanx =0

(i). 156 € |—Z,%| then sin@ = 0 ifand only if @ = 0. Thus
22

the principal solution of sinx = 0is0. Let & € R be any
solution of sin x = 0. Then these exists a k € Z such that

k= —=sileck

L
2m
= 2nk =0 < 2rk + 2n
i.e.,0<0 —2km < 2w
Since 8 and 8 — 2m are co terminal angles,
sinf = sin(6 — 2kmw) =0
= 0 —-2km=0o0orr=>0=2kror 2k + 1w, keZ
i.e., 8 =nmne’z
Thus,sing =0 S 0 =nan e ft
Therefore, the general solution of the equation
sinx=0isx=nm,necZz

(ii).The principal solution of cosx = 0isx = E.Further,
cosx =10 -:}sin(x—g) ZD@x—gznn, nt’z

T
<=>x=mr+5

=] 1)%,?1 &z
Thus, the general solution of cosx = 0O is
T
o= (2n+1)E,nEZ

(iii).The principal value of tan x = 0is x = 0. Further,
tanx = =sinx =0 &Sx=nEnet Z

Thus, the general solution of tanx = 0 is

X = Nnmn, ne’z

NOTE: The general solution of cot x = 0 is given by

T
x:(2n+1)§,nEZ



General solutionof sinx =k, |k| = 1

Since |k| = 1, there exists a principal solution say «,
i.e., Thereisa «a € [—gg] suchthatsina =k

Let @ be any solution of sin x = k, then

sin@ = sina < sin@ — sina = 0

G+a . -«
= ZCOST.SI.?IT =g

G+a it
= ZCOST =0 orsin—- = 0

Now, COSEJJFTH: [)(:reJrTa: (2n + l)g,n EZ

e =02nt+1mw—ane’
and,sineg—a:()@g%zmr,nez

sSO=2nmt+an€’Z

Combining thosetwo, 8 =nr + (—1)"a,n € Z

Thus, the general solution of the equation sinx =k,
|k| = 1is

x=nwi (—1)"a

Where « is the principal solution (or any solution) of the

equation.

By similar argument we prove the following

e The general solution of the equation of
cosx =k, |kl <1lis x=2nmt+aneZ

where « is the principal solution (or any solution) of the

equation
By similar argument we prove the following

e The general solution of the equation of
cosx =k, |kl £1is x=2nmiltancl

where « is the principal solution (or any solution) of the

equation

¢ The general solution of the equation tanx =k, kK€R

is x=nm+a ne’z

where « is the principal solution (or any solution) of the

equation.



Summary

The Range The interval in General solution
equation of k which the
f(x) =k principal solution
a lies
wmw
sinx—1Kk [—1,1] [—5,5] nr+(—1)"a ,neZ
cosx =k [=1:1] [0,m] 2nm + @ ,neZ
tanx = k R (—E I] nw + a ,neZ
, 2’3/ ; ;
f S [
sex=k | Co-tlupe|  [-5.2]-0) i t(~1)"a neZ
[
secx = k (—oo,—1] U [1,02) [0,7] — {5} 2nw + a ,neZ
cotx =k R (0,1) N + & ,neZ
Example:

Solve the equation sinx + sin 5x = sin 3x.

= Z SIS tos 2% = sHiax

= gin3x(Zens 2x— 1) =1

¥ sin3x=10

1
If cosZx =t then

Hence

: 1
Therefore,sin3x = 0, or cosZx = 5
then 3x = nm, nez.
T
Zx = Znm + o
nit T
X = or ?ITE'iE ,NE Z.

» ILE Z




The general solution of sin*x =k, 0 <=k = 1is
x =nm+ancZ where ais asolution of sin’x = k

Proof:

The trigonometric equation sinx = k has a solution if and

onlyifk € [0,1]. Thus there exists a solution saya« € R

such that sinx = sin‘a. Now

sinx = sin‘a = 1 — 2sin’x = 1 — 2sin‘a
& coS2x = cos2c.

= Te=dnieshidn, e &
s x=nwlo nct

where @ is a solution of sin?x = k.

By a similar method we prove the following

e The general solution of cos?x = k,0 = k = 1is

x =nmw+anc€ Z where aisasolution of cos?x =k
e The general solution of tan’x = k,0 =k < ois

x =nmw+anc Z where aisasolution of tan’x = k



Equations of the forma cos @ + b sinf = ¢
We divide both sides of the equation by va? + b?, so that

it may be written as

a c
—— _ppgsds —— ginl =——
Va2 + b? va? + b? va? + b2

If we introduce the angle a, so that tana = E

7}} cosa — . .
Va2+p? ~ Vaz+p?

Thensina =

Also, we introduce the angle B, so that

€
G

The equationcan then be written

cosccosB + sina sinB = cosf§

The equation is then cos(8 — a) = cospf.

The solution of thisis @ — a = 2nm + 8, so that
0=2nnitatp

where n is any integer.

Angles, such as @ and [, which are introduced to facilitate

computation are called Subsidiary Angles.

Example: Solve sinx ++/3cosx = +/2

We have vaZ? + b2 =1 + 3 = 2. We therefore write the

equationsas

Therefore

T : 5 AE 1
COSX cOS—+ sInxsin— = —=
6 6 V2

=

T T T m
= cos{x—=)=cos—=x ——=2nm+-—
6 4 6 4

Takingthe positive sign,
T bm

T
X ?m+6+4 mr+12

Takingthe negative sign,

— 207 + = — = = 2nm —



P1.

Find the general solution of 2cos?x tanx = tanx.



Solution:

Given, 2c0S%x tanx = tanx

= tanx(2cos’x — 1) =0 = tanx =0 0or (2cos*x— 1) =10

1 T
— tanx = 0 or cﬂsxz:—ﬁz:;x:[},n ar X =~
ﬁkl

o =t 7 Al ) G IR < U1/ e i | N S

e | H



o

Solve3cosZ2f +2 =7 sinf



Solution:

3cos260 +2 =7 sinf
=3 3 (1 —=2sin%8) 4 2 = 7 sind
— 65sin‘0 + 7 sind —5 =10
— (2sinf@® —1)(3sinf@+5)=0

= sinf=-,—>and sinf =—2¢[-1,1]

: 1 o .
nosIinf = g =2 0 = E (Principal solution)

The general solutionis nm + (—1)" E L EL



-

Solve: V3 cosx — sinx =1



Solution:

. g .
Given,v3cosx —sinx =1

*.,E { S 1
— ?CDS:E == ESI.?T,X — —

T W T
— CDSE COSX — SIHESI.HI = EDSE

— COS (x +E) = COS5—

w w

— x4+ —-—=2nm+ -
6 3

T T

= Xx =2nm——+—
fi i

T T
Z‘?I:Zﬂﬂ'—gig



P4.

If 8,4, 0, are solutions of the equation

acosf + bsin@ = c, tanf; # tanB, and a + ¢ # 0, then find
the values of

i. tanfy + tanf,
ii. tan6@, - tand,



Solution:

Given, acosf + bsinf =c,a+c+ 0
1—tan6 2tanf
—sa( )+ bl o) =
— q — atan®0 + 2btanf = c + ctan?6
— (a + c)tan?8 — 2btan@ + c —a =0

= (a + c)tan’8 — 2btanf +c —a =10

Thisis a quadratic equation in tan 8. Since 84, 6, are roots of

the given equation, we get tan6,; and tant, are roots of the
equation.

2b

atc

~ sum of the roots tant; + tanf, = and

Product of the roots tanfl; - tant, = E



IP1.
Find the general solution of 2cos?u = 1 — cosu.

Solution:

2u=1— cosu

Given, 2cos
—s 2cos’u +cosu—1=0
—> (2cosu — 1)(cosu +1) =0

—% Zeosi—1 =0 éfcosii+ 1.=0

1
— COSU — ;DI‘ cosu = —1

T
:}H:EDTH:H’

General solution is {2?1?1: ig | B E Z} LH2nedn | neZz;



IP2.
Solve: 2cos%6 + 11 sinf = 7
Solution:

2c05%0 + 11 sinf = 7
=2 (1L—sm?0)+ 11 85in8 —=7=10
— 2—2sin’ +11sin8—-7=0
= 2 sin’0 — 11sin8 +5=0
= (2sinf@ — 1)(sinf —5) =0
—= 2sin@—1=0 or sind—5=90

| 1 .
— smﬂzEDrsz.nﬂ:S} i

. 1 e :
—> sinfd = == g = % (Principle solutions)

T

The general solutionis, 8 = nm + (—1)" ;' MEZ



IP3.

Solve: 2cosx + 2sinx = 6

Solution:

Given, 2cosx + 2sinx =+/6

. | PP
cCosSX. sinx 3
—% —I— = —

V2 V2 2

T [0 i

—> COS—COSX + SIin—Sinx = cos —
4 4 6

I T
:}EDS(I——) — AN

4 6
—S ¥ ——=2nw 4=
4 6
T T
=>I—2?1?T‘|‘Eig

i o
x=2nm+—+—
1.8



IP4.

If « and 8 are the solutions of atanf + bsecf = c, then show

that tan(a + ) =

2ac

a?—c?
Solution:
Given,a tanf + b sec = ¢
bsecO@ = ¢ — atanf
= b?sec?8 = c? + a’tan?0 — 2actanf
= b%(1 + tan®0) = ¢* + a*tan®6 — 2ac tanb
=% (6 — P g — 2aetand £ =b") = 0

Also given, @ and 5 are the solutions of 6.

2ac cZ=p%
tana + tanfi = = and tana - tanfi = e
2ac
tana + tanf (az = Cz) 2ac

t — e e
an(a + §) 1 — tana -tanp 1_(:‘:3—52) a? — ¢?

aE___bE



1. Solvethe following equations.
a)sinf@ + sin78 = sin 46
b) cos@ + cos78 = cos46
c) cos@ + cos36 = 2 cos26
d)sin48 — sin 26 = cos 36
e) cosd — sin36 = cos 26
f) sin 768 = sin @ + sin 36
g) cosd +cos368 =0
h)sin@ + sin 36 + sin58 = 0

i) sin28 —cos28 —sinf + cosf =0
j) cosn@ = cos(n—2)8 + sind
n+1

2
) sinm@ +sinnf =0

k) sin 8 = sinnT_lﬂ + sin @

m) cosmf + cosnf = 0

n) sin36 + cos 268 =0

0) V3cos8 +sinf =+/2

p) sin@ + cos 8 =+/2

q) sin® n@ — sin® (n — 1)0 = sin? 0



